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Abstract 
It is proved that every connected strongly regular graph (v(G),k, ct, fl) with even order is 
2-extendable when k/> 3, except he Petersen graph, the (6, 4, 2, 4) graph and K 4. 
1. Terminology and introduction 
All graphs considered here are finite, simple and undirected. 
A graph G is called strongly regular if G is k-regular and there are two integers ~, 
/~ (7,/3 >I 0) such that for each pair of vertices u and v, u ¢ v, the number of the 
common neighbors of them is ~ or /3 depending on whether they are adjacent or 
nonadjacent. A strongly regular graph with v(G) vertices is called a (v(G),k,~,~) 
graph. 
Suppose G has a perfect matching. Then G is called n-extendable if for the given 
integer n <~ (v(G) - 2)/2, G has n independent edges and any n independent edges are 
contained in a perfect matching of G. 
All terminology and notation not defined in this paper are from [2]. 
The concept of n-extendable graphs was introduced by Plummer J-7] in 1980. Since 
then there has been a great deal of research on this topic. Aldred et al. [1] found some 
n-extendable edge (vertex) transitive graphs. Chan et al. [4] characterized all 2- 
extendable Cayley graphs on Abelian groups. Later, Chen et al. [5] characterized all 
2-extendable Cayley graphs on dihedral groups. These results show that symmetric 
graphs are usually n-extendable. In [-6], Holton and Lou first studied the n-extendabil- 
ity of strongly regular graphs, and conjectured that all but a few strongly regular 
graphs are 2-extendable. To be more precise, we prove the following, which is the 
main result of this paper. 
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Theorem 1. A connected strongly regular graph (v(G),k,~,fl) with even order is 2- 
extendable when k >~ 3, except the Petersen graph, the (6, 4, 2, 4) graph and K4. 
To prove Theorem 1, we need the following theorems and lemmas. 
Theorem 2. A connected strongly regular graph (v(G), k,~t, fl) with even order is 2- 
extendable when k = 3, except he Petersen graph and K4. 
Theorem 3. A connected strongly regular graph (v(G), k, ~,fl) with even order is 2- 
extendable when k >~ 4 and fl = O. 
Theorem 4. Every strongly regular graph with even order is 2-extendable when k >~ 4 
and l <<, fl <<, k-1. 
Lemma 5. Every strongly regular graph with even order is 2-extendable when k >~ 4 and 
fl = k, except he (6, 4, 2, 4) graph. 
Proof. See [6, Theorem 5]. [] 
Lemma 6. I f  G is a strongly regular graph (v(G),k, ot, fl), then k (k -  ~t-  1)= 
(v (G) -  k - I)~. 
Proof, See [3, Theorem 2.2]. [] 
Lemma 7. Every strongly regular graph with even order and fl >~ 1 has a perfect 
matching. 
Proof. See [6, Theorem 1]. [] 
2. A proof of the main theorem 
In this section, we will prove Theorem 1 by combining the results of Theorems 2-4 
and Lemma 5, where Theorem 4 is the major part of the main theorem. Now we 
outline the main ideas of the proof of Theorem 4. We use contradiction method. 
Suppose there is a vertex set S ~_ V(G) such that G[S] contains two independent 
edges and o(G - S) >~ ISI - 2. Then we prove a few claims that there are at least max 
{2, fl} edges from S to each vertex of each odd component in G - S, that there are at 
least k edges from each component to S and that there are at least 3k/2 edges from S to 
each odd component with order at least three. By studying different cases, we derive 
that there are more edges from the components of G - S to S than those S can accept 
by the k-regularity. Hence we obtain contradictions. 
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Proof of Theorem 2. By Lemma 6, we have 3(2 - ct) = (v(G) - 4)ft. 
When • = 0, as v(G) is even, we have that v(G) = l0 and fl = 1 or v(G) = 6 and 
fl = 3. Then we get (10,3,0, l) graph, the Petersen graph, which is not 2-extendable; 
and (6, 3, 0, 3) graph, which is K3.3 and 2-extendable. 
If ct = 1, then the left part of the above equation is 3, whereas the right part of the 
equation contains factor 2, for v(G) is even. So there is no such (v(G), 3, 1, fl) graph. 
If~t = 2, then fl = 0 or v(G) = 4. In both cases we get K4, which is not 2-extendable 
as its order is not larger than 4. [] 
Proof of Theorem 3. We see that G is actually a complete graph. Suppose, to the 
contrary, that there are two nonadjacent vertices u and v in G. Then as G is connected, 
there is a shortest path from u to v, denoted by uvl v2 ... v. (Note that vl ¢ v.) It follows 
that u and v2 have a common neighbor v~ while u and v2 are nonadjacent, which 
shows fl/> 1, contrad ic t ing/ /= 0.
As k/> 4 and v(G) is even, v(G)/> 6 and G is 2-extendable. [] 
Proof of Theorem 4. Let G be a strongly regular graph (v(G), k, ct, fl) of even order with 
k ~>4 and l<~fl<<.k- 1. 
Suppose that G is not 2-extendable. Then there are two independent edges ei = uiv~ 
( i - -1 ,2 )  such that G-{Ul,UI,UE,U2} does not have any perfect matching. Let 
G' = G - {ul, vl, u2, v2}. By Tutte's Theorem (see [2]), there is a set S' _ V(G') such 
that o(G' - S') > IS'I. As v(G) is even, by parity, o(G' - S') = IS'l + 2m (m > 0). Let 
S~-Stk_){Ul,Vl,u2,v2}. Then o(G-  S )=o(G ' -  S ' )= IS ' I+  2m=[S I -4+ 2m 
(m >0).  By Lemma 7 and Tutte's Theorem, o(G-  S)<. [S[, so 1 ~ m ~< 2. Thus 
o(G - S) = [S[ - 4 + 2m ~> 2, i.e. G - S has at least two odd components. 
We first prove some claims, which will be used in the proof. 
Claim 1. Each vertex of G - S sends at least fl edges to S. 
Proof. Let u be a vertex in a component C of G - S and, as G - S has at least two odd 
components, let v be a vertex in another component of G - S. Since u and v are not 
adjacent, by the definition of strongly regular graphs, u and v have fl common neigh- 
bors, which must be in S. So each vertex of G - S sends at least fl edges to S. [] 
Claim 2. There are at least k edges from each component of G - S to S. 
Proof. Let C be a component of G - S,/z be the number of vertices of C and z be the 
minimum number of edges from a vertex of C to S. Then there are at least pr edges 
from C to S. 
Assume/zz < k. Then z < k and p < k/z. 
Suppose p >/k -  z + 1. Then k/z > k-  z + 1. It follows that ( z -  k ) ( r -  1) > 0. 
But since z < k and, by Claim 1, z >~ fl >/1, the above inequality does not hold. 
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This contradiction shows that/~ ~< k - r. But now each vertex of C is adjacent o at 
most /t - 1 ~< k - z - 1 vertices in C and sends at least z + 1 edges to S by the 
k-regularity. This contradicts the assumption about r. Hence pz/> k and Claim 2 
follows. [] 
As it has been noted, o(G - S) = fSf - 4 + 2m, where 1 ~< m ~< 2. 
If o(G - S) = I S I, then there are at least k l S I edges from the components of G - S 
to S by Claim 2. But, as G[S]  has two independent edges, by the k-regularity, S can 
accept at most k ISF -  4 edges from the components, a contradiction. Hence 
o(G - S )= I S I -  2. 
Let us list the glossary of symbols used in the proof: 
Ci: a component of G - S; 
mi: the number of vertices of Ci; 
N~: the number of edges from Ci to S; 
N: the number of edges from all components of G - S to S; 
Ns(v): the set {ul u ~ S and vu ~ E(G)}; 
Ns(C~): the set Uwv~c,~ Ns(v), where C~ is a component of G - S; 
d(v): the degree of a vertex v in G; 
v(G): the number of vertices of G. 
Claim 3. Each vertex of  each odd component of  G-  S sends at least max{2,fl} 
edyes to S. 
Proof. When 13 i> 2, Claim 3 reduces to Claim 1. 
Now consider the case fl = 1. We suppose, contrary to Claim 3, that there is a vertex 
v in an odd component C of G - S sending only one edge vu to S, where u e S. 
By Lemma 6, k(k -  ~-  1) = (v (G) -  k -  1)fl = (v (G) -  k -  1). That is v(G) = 
k(k - ~) + 1. Then since v(G) is even, ct is even and k is odd. By the assumption that 
k >~ 4, we have k >~ 5. 
Let C1 . . . . .  Cisr_3 be the other odd component~ of G-  S, and without loss of 
generality, assume ml <~ ... <~ mrs I_ 3. 
As there are at most ml - 1 + ISI vertices which are adjacent o any given vertex 
win  C1, 
d(w) = k ~< ml - 1 + [Sr. (1) 
(Note that we have assumed that Cx has the least order among Cx . . . . .  Cisj-3.) 
Since each vertex in G - S - V(C) is not adjacent o the vertex v, by the definition 
of strongly regular graphs, it has fl = 1 common neighbor with v, which is the vertex u. 
Then each vertex in G - S - V(C) is adjacent o u. Thus, as u is also adjacent o v and 
u has ~ common neighbors in C with v, 
d(u) = k >>. ml + ... + mlsi-3 "~ 1 + ct. (2) 
Now we discuss two cases: I SI = 4 and [SI/> 5, to show that there is no such 
a vertex v in any odd component of G - S. 
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Case 1: hSI = 4. By the hypothesis that G[S]  has two independent edges, each 
vertex in S is adjacent o at least another vertex in S. By (2) and the above assertion, 
we have k = d(u) ~> ml + 2 + ~. By (1), k = d(w) ~< ml - 1 + ISI = ml + 3. So 
ml + 2 + ct ~< k ~< m~ + 3. Since k and ml are odd, it follows that k = ml + 2 and 
= 0. But k = m~ + 2 implies that every vertex of C~ is adjacent o at least three 
vertices in S. Thus G has a triangle, contradicting ct= 0. 
Case 2: ISI/> 5. If m2 >/3, then the combination of (1) and (2) implies that 
LS l>~2+~+m2+. . .+mls l _3>~2+3([S I -4 ) ,  thus IS1=5 and ~=0 and 
m2 = 3. Therefore, by (2), k/> ml + m2 + 1 >/4 + ml. For any vertex w in C1, since 
k - (ml - 1)/> 5, w must be adjacent o all the vertices in S. But then G has a triangle, 
contradicting ~= 0. 
Thus we conclude that ml = m2 = 1. Since fl = 1 and all the neighbors of C1 and C2 
are in S, we have I SI >t 2k - 1 >/9. 
Suppose that h is the maximum subscript of the odd components of G - S such that 
mh = 1. Then the combination of(l) and (2) implies that I SI/> 2 + m2 + ... + mist-3 >1 
1 + h + 3(ISI - 3 - h), and thus h t> ISI - 4. It follows that C1,C2 . . . . .  and Clsl_4 
are singletons and each sends k edges to S by the k-regularity. 
As we have discussed above, the vertex u in S is adjacent o C~, C2 . . . . .  and Cisl_4. 
By fl = 1, Ns(C i )nNs(C j )  = {u} for 1 ~< i <j~< I S I -  4. Hence 
ISI/> INs ( f~)u  Ns( f2 )u  ... u Ns( f l s l _ , ) [  >1 (k - 1) ( IS I -  4) + 1. 
Then by k ~> 5, ISI i> (k - 1)(ISl - 4) + 1 t> 41SI - 15, which implies that ISI ~< 5, 
a contradiction to I SI >/9. 
Since a contradiction was obtained in each case, it follows that each vertex of each 
odd component of G - S sends at least two edges to S even if fl = 1. And this 
completes the proof of Claim 3. [] 
Claim 4. There are at least 3k/2 edges from S to each odd component C~ of  G - S with 
order at least three and Ni = 3k/2 only i f  mi = 3 and k = 4. 
Proof. I f4 ~< k ~< m~ + 1, then since each vertex of C~ sends at least max {2,fl} edges to 
S by Claim 3, Ni ~> 2mi t> 3(mi + 1)/2 ~> 3k/2, and the equality holds only if mi = 3 
and k = 4. 
Suppose k/> mi + 2. Then as each vertex of C~ is adjacent o at most mi - 1 vertices 
in Ci and sends at least k - (m~ - 1) edges to S by the k-regularity, C~ sends at least 
mik - mi(mi - 1) edges to S totally. So 
Ni -- 3k/2 >>. mik - mi(mi - 1) - 3k/2 
= (mi -  3)k - mi(mi - 1) 
i> (mi 3 - ~) (m~ + 2)  - m~(m~ - 1) 
= 3mi/2 - 3. 
Therefore, since m~ >1 3, N~ - 3k/2 >~ 3m~/2 - 3 > O. [] 
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Case 2: There is at most one singleton component in G-  S. Since o(G-  S )= 
I S I -  2, N >~ k( [S ] -  2) by Claim 2. As G[S]  has two independent edges, N 
k L S[ - 4 by the k-regularity. And there is at least one odd component with order at 
least three in G-  S as o(G-  S) = ISI - 2 ~ 2. 
Case 2.1: Suppose that there are two odd components C1 and C2 with order at least 
three in G-  S. There is no even component in G-  S. Otherwise, by Claims 2 
and 4, N >~ k + N1 + N2 + k([S[ - 4) >~ k + 3k + k([S[ - 4) = k[Sl, contradicting 
N <~ k[S] - 4. 
Without loss of generality, assume ma ~< m2. 
I fk  >~ ml + 2, then since C1 sends at least kin1 - ml (ml  - 1) edges to S, by Claim 4, 
C2 sends at least 3k/2 edges to S. Then we have 
N - (k lS[ - 4) >~ N1 + N2 + k(]S] - 4) - (klSl - 4) 
>~ kml  - ml(ma -1 )  + 3k/2 - 4k + 4 
= (ml - ~)k - ml (ml  - 1) + 4 
>/(m I -- ~)(m 1 -[- 2) -- ml(ml  - 1) + 4 
= ml /2  - 1 
>0 
for ml ~> 3, contradicting N ~< k[S] - 4. So k ~ m~ + 1. 
By Claim 3, N1 >t 2m~ and N2 >1 2m2. Then by Claim 2 and o(G - S) = [S] - 2, 
N >~ N~ + N2 + k([S] - 4) >1 2(m~ + m2) + k(]S] - 4) >/4mx + k(]S[ - 4). By 
N <~ k]S[ -4 ,  we have k l> ml  + l. 
It follows that k = m~ + 1 and k]S[ - 4 = N = 4ml + k([S] - 4). So ml = m2, 
N1 = 2m1 and N2 = 2m2. Thus by Claim 3, each vertex in C~ and C2 sends exactly 
2 edges to S and fl ~< 2. Hence, by the k-regularity and k = ml + 1, C1 is a complete 
graph. Any two vertices of C1 are adjacent and have m~ - 2 common neighbors in C~. 
So ~ >/m~ -2  by the definition of strongly regular graphs. Then by Lemma 6, 
k(k - :( - 1) = (m 1 + 1)(ml - ~) = (v(G) - k - 1)fl = (v(G) - ml  - 2)ft. Since ml is 
odd and v(G) is even, fl ~ 1. Then v(G) = ((ml + 1)(ml - o:)/fl) + 
ml+2~<2(mx+ 1) / f l+m1+2~<2ml+3 for fl~>2, contradicting v(G)>~ml+ 
m2 + ISI >/2ml  + 4. 
Case 2.2: So there is exact ly one odd component C1 with order at least three in 
G - S. Now I S I = 4 and G - S must have a singleton component,  denoted by C2. As 
the degree of C2 is at most IS[ which is 4, we have k = 4 by the assumption that k >/4. 
By Claim 3, N ~> N1 + N2 /> 2m~ + k = 2m~ + 4. Since S can accept at most 
k[S[ - 4 = 12 edges, 2m~ + 4 <~ 12. Then, as ml is odd and mx >/3, ml = 3 and 
12 >t N /> N 1 + N 2 ~ 2m~ + 4 = 10. By Claim 2 and k/> 4, there is no components 
in G-S  other than C~ and C2. So v(G)=lS l+ml+ 1=4+3+1=8.  By 
Lemma 6, k(k  - ~ - 1) = 4(3 - c() = (v(G) - k - 1)fl = 3ft. But the assumption that 
1 <~ f l  -%< k - 1 -- 3 implies that the above equation cannot hold. 
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As the opposite supposition leads to contradictions, it follows that G is 2-extend- 
able. And this completes the proof of Theorem 4. [] 
Then by Theorems 2-4 and Lemma 5, Theorem 1 follows immediately. 
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